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Abstract
Let p be a prime number, and let k be an imaginary quadratic number field in
which p decomposes into two distinct primes p and p¯. Let k∞ be the unique Zp-
extension of k which is unramified outside of p, and let K∞ be a finite extension of
k∞, abelian over k. In case p /∈ {2, 3}, we prove that in K∞, the characteristic ideal
of the projective limit of the p-class group coincides with the characteristic ideal of
the projective limit of units modulo elliptic units. Our approach is based on Euler
systems, which were first used in this context by Rubin in [14]. For p ∈ {2, 3}, we
obtain a divisibility relation, up to a certain constant.
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1 Introduction.
Let p be a prime number, and let k be an imaginary quadratic number field in which p
decomposes into two distinct primes p and p¯. Let k∞ be the unique Zp-extension of k
which is unramified outside of p, and let K∞ be a finite extension of k∞, abelian over
k. Let G∞ be the Galois group of K∞/k. We choose a decomposition of G∞ as a direct
product of a finite group G (the torsion subgroup of G∞) and a topological group Γ
isomorphic to Zp, G∞ = G × Γ. For any n ∈ N, let Kn be the field fixed by Γn := Γpn ,
and let Gn := Gal (Kn/k). Remark that there may be different choices for Γ, but when
pn is larger than the order of the p-part of G, the group Γn does not depend on the choice
of Γ.
Let F/k be an abelian extension of k. If [F : k] < ∞, we denote by OF the ring of
integers of F . We write O×F for the group of global units of F , and CF for the group of
elliptic units of F (see section 3). Also we let AF be the p-part of the class group Cl (OF )
of OF . We set EF := Zp ⊗ZO×F and CF := Zp ⊗Z CF . When F/k is infinite, we define EF ,
CF and AF , by taking projective limits over finite sub-extensions, under the norm maps.
For any n ∈ N ∪ {∞}, we set En := EKn, Cn := CKn , and An := AKn.
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For any profinite group G, and any commutative ring R, we define the Iwasawa algebra
R [[G]] := lim←−R [H] ,
where the projective limit is over all finite quotient H of G. In case G = G∞, we shall
write
Λ := Zp [[G∞]] .
Then A∞ and E∞/C∞ are naturally Λ-modules. As we shall see below, they are finitely
generated and torsion over Zp[[Γ]]. Let us fix a topological generator γ of Γ, and set
T := γ − 1. Then for any finite extension L/Qp, OL[[Γ]] is isomorphic to OL[[T ]], where
OL is the ring of integers of L. It is well known that OL[[T ]] is a noetherian, regular,
local domain. We also recall that OL[[T ]] is a unique factorization domain, and that
Qp ⊗Zp OL[[T ]] is a principal ring. If u is a uniformizer of OL, then the maximal ideal m
of OL is generated by u and T , and OL[[T ]] is a compact topological ring with respect
to its m-adic topology. A morphism f : M → N between two finitely generated OL[[T ]]-
module is called a pseudo-isomorphism if its kernel and its cokernel are finite. If a finitely
generated OL[[T ]]-module M is given, then one may find elements P1, ..., Pr in OL[T ],
irreducible in OL[[T ]], and nonnegative integers n0, ..., nr, such that there is a pseudo-
isomorphism
M −→ OL[[T ]]n0 ⊕
r⊕
i=1
OL[[T ]]/ (P nii ) .
Moreover, the integer n0 and the ideals (P n11 ), ..., (P
nr
r ), are uniquely determined by M .
If n0 = 0, then the ideal generated by P n11 · · ·P nrr is called the characteristic ideal of M ,
and is denoted by charOL[[T ]](M).
We denote by Cp a completion of an algebraic closure of Qp. Let χ : G → Cp be an
irreducible character of G. Let Qp(χ) ⊂ Cp be the abelian extension of Qp generated by
the values of χ. We denote by Zp(χ) the ring of integers of Qp(χ). The group G acts
naturally on Qp(χ). We recall that if g ∈ G and x ∈ Qp(χ) then g.x := χ(g)x. For any
Zp[G]-module Y , we define its χ-quotient Yχ := Zp(χ)⊗Zp[G] Y . Moreover, if we set
ψ : G −→ Qp, σ 7→ Tr (χ(σ)) ,
where Tr is the trace map for the extension Qp(χ)/Qp, then ψ is an irreducible Qp character
onG, and we will write χ|ψ. Recall that any irreducible Qp character onG can be obtained
in this way. We define the idempotent eψ of Qp[G] attached to ψ,
eψ =
1
#G
∑
g∈G
ψ(g) g−1.
The restriction to the ψ-part of the canonical surjective map Qp ⊗Zp Y → Qp ⊗Zp Yχ is
an isomorphism of Qp[G]-modules,
eψ
(
Qp ⊗Zp Y
) ≃ Qp ⊗Zp Yχ ≃ Qp(χ)⊗Zp[G] Y. (1.1)
Also, we have the following decomposition
Qp ⊗Zp Y = ⊕
ψ
eψ
(
Qp ⊗Zp Y
)
,
where the sum is over all irreducible Qp characters ψ on G. Finally, if Y is a Λ-module,
then Yχ is a Zp(χ)[[T ]]-module in a natural way. As a particular case, Λχ ≃ Zp(χ)[[T ]].
For any finitely generated Λχ-module Z, we shall denote charΛχZ simply by charZ.
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The goal of this article is to prove Theorem 1.1 below, which is a formulation of the
(one-variable) main conjecture. In [15, Theorem 4.1] and [16, Theorem 2], Rubin used
Euler systems to prove the main conjectures for Zp or Z2p extensions of a finite abelian
extension F of k, where p ∤ wk[F : k], wk being the number of roots of unity in k.
More recently, Hassan Oukhaba adapted Rubin’s method and obtained Theorem 1.1 for
p = 2, still under the condition 2 ∤ [K0 : k] (see [10]). Inspired by the ideas of Rubin,
Greither used Euler systems to prove the main conjecture for cyclotomic units and for
the cyclotomic Zp-extension F∞/F , with F∞ abelian over Q (see [4, Theorem 3.2]). Bley
proved Theorem 1.1 when p ∤ 2# (Cl (Ok)), and when there is a nonzero ideal f of Ok,
prime to p, such that for all n ∈ N, Kn = k
(
fpn+1
)
is the ray class field of k modulo fpn+1
(see [1, Theorem 3.1]). Here we prove the general case.
Also, we draw the attention of the reader to a cohomological two-variables main con-
jecture, which has been recently proved for all primes by J. Johnson-Leung and G.Kings
in [7], as a consequence of the Tamagawa number conjecture. In their treatment they
replaced χ-quotients by Galois cohomology with coefficients in the Galois representations
defined by χ, and used Euler systems as defined by Kato. From their result, they deduced
the classical two-variables main conjecture for Z2p-extensions F∞ :=
∞∪
n=0
k (pnf) where f is
any nonzero ideal of Ok, and when p does not divide the torsion subgroup of Gal (F∞/k).
Theorem 1.1 Let χ be an irreducible Cp character on G.
(i) If p /∈ {2, 3}, then char (A∞,χ) = char (E∞/C∞)χ.
(ii) If p ∈ {2, 3}, then there is mχ ∈ N such that
char (A∞,χ) divides umχχ char (E∞/C∞)χ , (1.2)
where uχ is a uniformizer of Zp(χ).
2 Semi-local units.
For every n ∈ N, we denote by Un the Zp[Gn]-module of principal semi-local units over
the primes above p. We define
U∞ := lim←− Un,
by taking the projective limit under the norm maps.
For any n ∈ N, we write γn for γpn. Then for any Zp[[T ]]-moduleM , we denote byMΓn
the module of Γn-invariants ofM , and we denote byMΓn the module of Γn-coinvariants of
M . By definition, they are respectively the kernel and the cokernel of the multiplication
by 1− γn on M .
Proposition 2.1 Qp ⊗Zp U∞ is a free Qp ⊗Zp Λ-module of dimension 1.
Proof. Let P be a prime of K∞ above p, and let k′ be the completion of k at p. For every
n ∈ N we respectively denote by K ′n, O′n, and P̂n the completion of Kn at P, the ring
of integers of K ′n, and the maximal ideal of O′n. Let us also denote the group 1 + P̂n by
U ′n. For sufficiently large m, the p-adic logarithm is an isomorphism of Zp [Gal (K ′n/k′)]-
modules from 1+P̂mn into P̂
m
n . Taking the tensor product of this isomorphism by Qp over
Zp, we see that
Qp ⊗Zp U ′n ≃ K ′n ≃ Qp [Gal (K ′n/k′)] , (2.1)
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where the last isomorphism holds by the normal basis theorem, and since k′ = Qp. The
field K ′∞ :=
∞∪
n=0
K ′n is a Zp-extension of K
′
0, abelian over k
′. The Galois group of K ′∞/k
′
is canonically identified to the decomposition group of p in K∞/k. Hence we only have
to show that the projective limit
U ′∞ := lim←− U
′
n,
with respect to the norm maps, is such that Qp⊗Zp U ′∞ is a free Qp⊗Zp Λ′-module, where
Λ′ := Zp [[Gal (K ′∞/k
′)]] .
We have a decomposition Gal (K ′∞/k
′) = G′ × Γ′, where G′ ⊆ G, and Γ′ ≃ Zp as a pro-
p-group. Remark that for n large enough, we have Γn ⊆ Γ′. Let χ be any Cp irreducible
character on G′, and let ψ : G′ → Qp be the unique irreducible character such that
χ|ψ. We must prove that eψ
(
Qp ⊗Zp U ′∞
)
is a free eψ
(
Qp ⊗Zp Λ′
)
-module. Since the
group of p-power roots of unity in K ′∞ is finite by Lemma 2.1 below, we deduce from [5,
Theorem 25] that U ′∞ →֒ Zp [[Γ′]]d where d = [K ′0 : k′]. In particular eψ
(
Qp ⊗Zp U ′∞
) ⊆(
Qp ⊗Zp Zp [[Γ′]]
)d and hence is a torsion free eψ (Qp ⊗Zp Λ′)-module. Let us remark that
eψ
(
Qp ⊗Zp Λ′
) ≃ Qp⊗Zp Zp(χ) [[Γ′]] is a principal ring. We deduce that eψQp⊗Zp U ′∞ is a
free eψ
(
Qp ⊗Zp Λ
)
-module. Let rχ be its rank. We must show that rχ = 1. Let us choose
n such that Γn ⊆ Γ′. Then
eψ
(
Qp ⊗Zp (U ′∞)Γn
) ≃ eψ (Qp ⊗Zp Zp [Gal (K ′n/k)])rχ . (2.2)
Exactly as in [10, Proof of Proposition 3.6], one can prove that the kernel and the cokernel
of the canonical map (U ′∞)Γn → U ′n are finitely generated Zp-modules of rank 1, and
invariant under the action of Gal (K ′∞/k
′). We deduce that
dimQp
(
eψ
(
Qp ⊗Zp (U ′∞)Γn
))
= dimQp
(
eψ
(
Qp ⊗Zp U ′n
))
. (2.3)
But eψ
(
Qp ⊗Zp U ′n
) ≃ eψ (Qp ⊗Zp Zp [Gal (K ′n/k′)]) by (2.1). Thus rχ = 1 by (2.3) and
(2.2). 
Lemma 2.1 Let the notation be as in the proof of Proposition 2.1. Then the group
µp∞ (K
′
∞) of p-power roots of unity in K
′
∞ is finite.
Proof. As previously, we write k′ for the completion of k at p. Since k′ = Qp, it is well
known that the kernel of the local norm residue symbol
(·, k′ (µp∞) /k′) : (k′)× → Gal (k′ (µp∞) /k′)
is the free group 〈p〉 generated by p (see for instance [8, p. 323, Proposition (1.8)]). Assume
µp∞ ⊂ K ′∞. Then the kernel of the local norm residue symbol
(·, K ′∞/k′) : (k′)× → Gal (K ′∞/k′)
is a subgroup of 〈p〉, whose index is finite. Let Q be a prime of k∞ above p¯. We write k′′
for the completion of k at p¯. For all n ∈ N, we denote by k′n (resp. k′′n) the completion
of kn at P (resp. Q). We set k′∞ :=
n∪
i=0
k′n and k
′′
∞ :=
n∪
i=0
k′′n. Since p¯ is finitely decom-
posed in k∞/k, the extension k′′∞/k
′′ is infinite. But it is also unramified, and then its
Galois group is topologically generated by (p, k′′∞/k
′′). By the product formula, and since
k∞/k is unramified outside of p, we have (p, k′′∞/k
′′)|k∞ =
(
p−1, k′∞/k
′)
|k∞, and we deduce
that for all n ∈ Z\{0}, (pn, K ′∞/k′) 6= 1. Hence (·, K ′∞/k′) is injective, which is absurd. 
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3 Elliptic units.
For L and L′ two Z-lattices of C such that L ⊆ L′ and [L′ : L] is prime to 6, we denote by
z 7→ ψ (z;L, L′) the elliptic function defined in [13]. For m a nonzero proper ideal of Ok,
and a a nonzero ideal of Ok prime to 6m, G.Robert proved that ψ
(
1;m, a−1m
) ∈ k(m),
where k(m) is the ray class field of k modulo m. More precisely, ψ
(
1;m, a−1m
) ∈ O×k(m)
if m is divisible by at least two distinct primes, and if m = rn with r a prime ideal and
n ∈ N∗, then ψ (1;m, a−1m) is a unit outside of the primes above r. For any maximal
ideal q of Ok, prime to a, by [12, Corollaire 1.3, (ii-1)] we have
Nk(mq)/k(m)
(
ψ
(
1;mq, a−1mq
))wm/wmq
=
 ψ
(
1;m, a−1m
)1−(q,k(m)/k)−1
if q ∤ m,
ψ
(
1;m, a−1m
)
if q | m,
(3.1)
where (q, k(m)/k) is the Fröbenius of q in k(m)/k, and wm is the number of roots of unity
in k which are congruent to 1 modulo m. Moreover, by [12, Corollaire 1.3, (v-1)] we have
ψ
(
1;mq, a−1mq
) ≡ ψ (1;m, a−1m)(q,k(m)/k) modulo (q)mq, (3.2)
where (q)mq is the product of the prime ideals in Ok(mq) above q.
Definition 3.1 Let F ⊆ C be a finite abelian extension of k, and write µ(F ) for the group
of roots of unity in F . We write ΨF for the Z [Gal(F/k)]-submodule of F
× generated by
µ(F ) and by all the norms
Nk(m)/k(m)∩F
(
ψ
(
1;m, a−1m
))
,
where m is a nonzero proper ideal of Ok and a is any nonzero ideal of Ok prime to 6m.
Then, we define the group
CF := ΨF ∩O×F .
Remark 3.1 For any n ∈ N, Un is canonically identified to the pro-p-completion of the
group of semi-local units Un of Kn. Hence the natural inclusions O×Kn →֒ Un induce norm
compatible canonical maps En → Un. The Leopoldt conjecture, which is known to be true
for abelian extensions of k, states that this map is injective. Taking the projective limits,
we obtain a natural injection E∞ →֒ U∞.
Proposition 3.1 The Zp [[T ]]-module U∞/C∞ is finitely generated and torsion.
Proof. For all n ∈ N, we let Stn be the group of Stark units defined in [6, Definition 3.2],
and we set Stn := Zp⊗ZSt and St∞ := lim←− Stn (projective limit with respect to the norm
maps). It is well known that Stark units can be constructed by means of elliptic units
(for instance, see [9, Chapitre V,4] for a precise statement). Then it is an easy matter
to verify that Stn ⊆ Cn for all n ∈ N. Hence St∞ ⊆ C∞, and we just have to show that
U∞/St∞ is finitely generated and torsion. By [6, Theorem 3.2 and Proposition 2.1], we
know that St∞ is torsion-free of rank [K0 : k] over Zp[[T ]]. Then from [5, Theorem 25]
and Remark 3.1, we deduce that U∞/St∞ is finitely generated and torsion over Zp[[T ]].

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4 Euler systems.
Let us write Ak as a direct product of cyclic p-groups,
Ak = 〈cl (p1)〉 × · · · × 〈cl (pr)〉 ,
where p1, ..., pr are prime ideals of Ok, prime to p, and cl (pi) is the class of pi in Cl (Ok).
For any i ∈ {1, ..., r}, let pri be the order of 〈cl(pi)〉, and we choose αi ∈ Ok be such that
αiOk = pp
ri
i . Let r :=
r∑
i=1
ri and let m 6= 1 be a power of p, such that pr = #(Ak) ≤ m.
Let ω := 1 if p 6= 2, and ω := −1 if p = 2.
We denote by LF the set of maximal ideals ℓ of Ok such that ℓ splits completely in
F
(
µm,
m
√
ω, m
√
α1, ..., m
√
αr
)
/k, and such that ℓ /∈ {p1, ..., pr}. We denote by SF the set of
squarefree ideals of Ok whose prime divisors belongs to LF . As in [11, Lemma 3.1], we
define for each ℓ ∈ LF a cyclic subextension F (ℓ) of k(ℓ)F , of degree m, which is totally
ramified above ℓ and unramified anywhere else. For m := ℓ1 · · · ℓn an ideal in SF , we
define F (m) := F (ℓ1) · · ·F (ℓn), the compositum of the fields F (ℓi).
For any ideal m 6= 0 of Ok, we denote by SF (m) the set of ideals in SF which are prime
to m. We denote by UF (m) the set of maps ǫ : SF (m)→ (kab)× satisfying the conditions
(a) to (d) below.
(a) ǫ(a) ∈ F (a)× for all a ∈ SF (m).
(b) ǫ(a) ∈ O×F (a) if a 6= (1).
(c) NF (aℓ)/F (a) (ǫ(aℓ)) = ǫ(a)(ℓ,F (a)/k)−1 for all a ∈ SF (m) and all ℓ ∈ LF which is prime
to ma.
(d) ǫ(aℓ) ≡ ǫ(a)(N(ℓ)−1)/m modulo all prime ideals of OF (a) above ℓ.
Remark 4.1 Let U := ∪UF (m), where the union is over all nonzero ideal m of Ok. Then
for any u ∈ C(F ), there exists ǫ ∈ U such that ǫ(1) = u (see [15, Proposition 1.2]).
For any ideal a 6= (0) of Ok and any ǫ ∈ UF (a), we denote κǫ : SF (a) → F×/
(
F×
)
m
the map defined as in [15, Proposition 2.2]. For ℓ ∈ LF , we let IF,ℓ := ⊕
λ|ℓ
Zλ be the free
Z-module generated by the prime ideals of OF lying above ℓ. For any x ∈ F×, we denote
by (x)ℓ ∈ IF,ℓ and [x]ℓ ∈ IF,ℓ/mIF,ℓ the projections of the fractional ideal (x) := xOK .
Consider the map
θℓ : F (ℓ)
× −→ (OF/ℓOF )× /
(
(OF/ℓOF )×
)
m
,
which associates to z the sum ⊕λ|ℓzλ such that the image of z1−σℓ in (OF/λ)× is equal
to (zλ)
(N(ℓ)−1)/m. As in [15, Proposition 2.3], there exists a unique Gal(F/k)-equivariant
isomorphism
ϕℓ : (OF/ℓOF )× /
(
(OF/ℓOF )×
)
m → IF,ℓ/mIF,ℓ,
satisfying the relation (ϕℓ ◦ θℓ) (x) =
[
NF (ℓ)/F (x)
]
ℓ
. For x ∈ F×, we can choose y ∈ F (ℓ)×
such that xym is a unit at the prime ideals of OF (ℓ) above ℓ. We denote by {xym} the
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class of xym in
(OF (ℓ)/ℓ′)× /((OF (ℓ)/ℓ′)×)m ≃ (OF/ℓOF )× / ((OF/ℓOF )×)m, where ℓ′ is
the product of the prime ideals of OF (ℓ) above ℓ. Then we set ϕℓ(x) := ϕℓ ({xym}), which
does not depend on the choice of y.
Then as in [15, Proposition 2.4], for any ideal a 6= (0) of Ok, any ǫ ∈ UF (a), any
m ∈ SF (a) with m 6= (1), and any maximal ℓ of Ok, we have
[κǫ(m)]ℓ =
{
0 if ℓ ∤ m,
ϕℓ
(
κǫ
(
mℓ−1
))
if ℓ | m. (4.1)
For any x ∈ F×, we denote by 〈x〉
m
the class of x in F×/
(
F×
)
m. For any n ∈ N we denote
by µn the group of n-th roots of unity in C. We set µp∞ :=
∞∪
n=0
µpn. For any extension
L ⊆ F of k and any maximal ideal q of OL, we denote by vq the normalized valuation at
q, and by v¯q : L×/
(
L×
)
m → Z/mZ the map defined from vq by taking the quotient.
The following theorem is a classical step in the Euler system machinery. The first
versions are due to Rubin (see [15, Theorem 3.1]), and to Greither for abelian extensions
over Q (see [4, Theorem 3.7]). We follow the proof of Bley (see [1, Theorem 3.4]), with
slight modifications to cover the case p|#(Cl (Ok)).
Theorem 4.1 Let f be the conductor of F/k, and set c := vp¯ (f). We set GF := Gal(F/k).
Assume that we are given an ideal class c ∈ AF , a finite Z [GF ]-submoduleW of F×/
(
F×
)
m
,
and a GF -morphism Ψ : W → Z/mZ [GF ].
Assume that for all w ∈ W , all i ∈ {1, ..., r}, and all prime q of F above pi, v¯q(w) = 0.
Assume also that for any i = 1, ..., r, pi is unramified in F/k. Let m be a positive integer
divisible by p2c+1. Then there are infinitely many maximal ideals λ of OF such that
(i) clp(λ) = c
m.
(ii) ℓ := λ ∩Ok belongs to LF .
(iii) For all w ∈ W , [w]ℓ = 0.
(iv) There exists u ∈ (Z/mZ)×, such that for all w ∈ W , ϕℓ(w) = up3c+r+4Ψ (w)λ.
Proof. Let HF be the Hilbert p-class field of F . Let
Fi :=
{
F (µm) if i = 0,
Fi−1 ( m
√
αi) if 1 ≤ i ≤ r.
Exactly as in [1, proof of Theorem 3.4], one can prove the following claims.
Claim (A) [HF ∩ F (µp∞) : F ] ≤ pc.
Claim (B) Gal
(
HF ∩ Fr
(
m
√
ω,
m
√
W
)
/F
)
is annihilated by p2c+1.
Claim (C) The cokernel of the canonical map from Kummer theory
K : Gal
(
F0
(
m
√
W
)
/F0
)
→֒ Hom (W,µm)
is annihilated by pc+2.
Let us remark that Fi−1
(
m
√
W
)
/Fi−1 is unramified at pi since by hypothesis m | vpi(w)
for all 〈w〉
m
∈ W . On the other hand [Fi : Fi−1] divides m and the ramification index of
pi in Fi/Fi−1 is at least mp−ri. Therefore
pri annihilates Gal
(
Fi−1
(
m
√
W
)⋂
Fi/Fi−1
)
. (4.2)
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Let Li := F0
(
m
√
W
)
∩ Fi. As Li ∩ Fi−1 = Li−1 we have
Gal (Li/Li−1) ≃ Gal (LiFi−1/Fi−1) . (4.3)
Since Gal (LiFi−1/Fi−1) is a quotient of Gal
(
Fi−1
(
m
√
W
)⋂
Fi/Fi−1
)
, this implies that
pri annihilates Gal (Li/Li−1) thanks to (4.2). In particular pr annihilates Gal (Lr/F0),
and we deduce Claim (D) below.
Claim (D) Gal
(
F0
(
m
√
W
)⋂
Fr
(
m
√
ω
)
/F0
)
is annihilated by pr+1.
Let ζ be a primitive m-root of unity, and ι : Z/mZ [GF ]→ µm be the group morphism
such that ι(σ) = 0 for σ ∈ GF \ {1} and ι(1) = ζ . Combining Claim (C) and Claim (D),
one may find α ∈ Gal
(
Fr
(
m
√
ω,
m
√
W
)
/F0
)
such that
α|Fr( m√ω) = 1 and K
(
α|F0( m
√
W)
)
= (ι ◦Ψ)pr+c+3 . (4.4)
From Claim (B), we may choose β ∈ Gal
(
HFFr
(
m
√
ω,
m
√
W
)
/F
)
such that
β|Fr( m√ω, m
√
W) = α
p2c+1 and β|HF = c
m. (4.5)
Now, from (4.4) we see that β ∈ Gal
(
HFFr
(
m
√
ω,
m
√
W
)
/Fr
(
m
√
ω
))
.
By the Čebotarev density theorem, we can find infinitely many primes λ in OF , of
absolute degree 1, prime to
r∏
i=1
pi, such that λ∩Ok is unramified in HFFr
(
m
√
ω,
m
√
W
)
/k,
and such that the conjugacy class of β in Gal
(
HFFr
(
m
√
ω,
m
√
W
)
/F
)
is the Fröbe-
nius of λ. Then condition (i) of Theorem 4.1 holds as a consequence of the general
properties of the Fröbenius. The condition (ii) is also satisfied since β is the iden-
tity on Fr
(
m
√
ω
)
. Let w ∈ W . Then for any prime λ′ of OF0( m√W) above λ, we have
v¯λ (w) = v¯λ′ (w) = mv¯λ′
(
m
√
w
)
= 0, and condition (iii) follows. Condition (iv) is proved
as in the proof of [15, Theorem 8.1,(iii)]. 
For any Zp[G]-module M and any m ∈ M , we denote by mχ the canonical image of
m in Mχ.
Lemma 4.1 Let G be a subgroup of GF , and let χ be an irreducible Cp character of G. Let
ℓ1, ..., ℓi ∈ LF , and for any j = 1, ..., i, let λj be a prime of OF above ℓj, and let clp(λj) be
the image of λj in AF . Let x ∈ F× be such that vq(x) ∈ mZ for any prime q of OF which
is prime to ℓ1 · · · ℓi. Let W be the Zp [GF ]-span of the image of x in F×/
(
F×
)
m
, and let
L be the Zp [GF ]-module of AF generated by clp(λ1), ..., clp(λi−1). Assume that there are
Z, g, η ∈ Zp [GF ] such that
(i) Z.AnnZp[GF ]χ
(
[clp(λi)]L,χ
)
⊆ gZp [GF ]χ, where AnnZp[GF ]χ
(
[clp(λi)]L,χ
)
is the annihi-
lator of the image [clp(λi)]L,χ of clp(λi) in (AF/L)χ.
(ii) Zp [GF ]χ /gZp [GF ]χ is finite.
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(iii) #
(
η ((IF,ℓi/mIF,ℓi) /W ′)χ
)
#(AF,χ) ≤ m, where W ′ is the image of W in IF,ℓi/mIF,ℓi
through w 7→ [w]ℓi.
Then, there exists a morphism of Zp [GF ]-modules
Ψ : Wχ → Z/mZ [GF ]χ
such that
gΨ
(
〈x〉
m,χ
)
λi,χ = Zη[x]ℓi,χ.
Proof. We refer the reader to [4, Lemma 3.12]. 
5 The ideal class group.
Proposition 5.1 The projective limit A∞ is a finitely generated torsion Zp[[T ]]-module.
Moreover, for all n ∈ N, A∞,Γn and AΓn∞ are finite.
Proof. We refer the reader to [14, Proof of Theorem 1.4]. 
Let τ : A∞,χ →
s⊕
j=1
Λχ/Pj be a pseudo-isomorphism of Λχ-modules, where P1, ..., Ps
are nonzero polynomials in Λχ.
Let M∞ := lim←− (Mn) be a Zp[[T ]]-module, projective limit of Zp [Γ/Γn]-modules Mn.
For all n ∈ N, we denote by KernM∞ and CoknM∞ the respective kernel and cokernel of
the canonical map MΓn →Mn.
Lemma 5.1 There is c3 ∈ N, and for all n ∈ N, there is a morphism of Λχ-modules
τn : An,χ →
s⊕
j=1
Λχ/(Pj, 1− γn)
such that Cok (τn) is annihilated by p
c3.
Proof. Let m ∈ N be such that K∞/Km is totally ramified above p. By [19, Lemma
13.15], there is a Zp[[Γm]]-submodule Y of A∞ such that for all n ≥ m, the canonical map
A∞ → An induces an isomorphism
A∞/νm,nY
∼
// An,
where νm,n ∈ Zp[[T ]] is defined by νm,n := (1− γn) / (1− γm). Therefore for all n ≥ m,
we have CoknA∞ = 0 and
KernA∞ ≃ νm,nY / (1− γn)A∞. (5.1)
Multiplication by νm,n induces a surjection
Y/ (1− γm)A∞ // // νm,nY / (1− γn)A∞, (5.2)
from which we deduce that for all n ≥ m, KernA∞ is a quotient of KermA∞. Since
KernA∞ is finite, by Proposition 5.1 we see that the orders of KernA∞ and CoknA∞ are
bounded independantly of n. We choose α ∈ N such that for all n ∈ N, pα annihilates
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KernA∞ and CoknA∞. On the other hand, since CoknA∞ = 0, we have the exact sequence
below for any n ≥ m,
(KernA∞)χ // (A∞)Γn,χ // An,χ // 0.
This shows that pα annihilates Ker
(
(A∞,χ)Γn → An,χ
)
, for all n ≥ m. Moreover for all
n ∈ N, (A∞,χ)Γn ≃ (A∞,Γn)χ is finite from Proposition 5.1. Thus we may choose α such
that pα also annihilates Ker
(
(A∞,χ)Γn → An,χ
)
for all n ∈ N. Then choose β ∈ N such
that pβ annihilates Cok(τ), and set c3 := 2α+ β. Let τ¯n : (A∞,χ)Γn →
s⊕
j=1
Λχ/(Pj, 1− γn)
be the morphism of Λχ-modules defined from τ by taking the quotients, and set
τn : An,χ //
s⊕
j=1
Λχ/(Pj , 1− γn), x  // pατ¯n(y),
where y ∈ (A∞,χ)Γn is such that its image in An,χ is pαx. It is straightforward that τn is
well-defined, and that the condition of the lemma is satisfied. 
6 Global units.
Let us fix χ an irreducible Cp character of G, and let ψ : G → Zp the irreducible Qp
character of G such that χ|ψ. Also we denote by uχ a fixed uniformizer of Zp(χ).
Lemma 6.1 There is a finite set I, a family (ni)i∈I ∈ NI , and a pseudo-isomorphism of
Λχ-modules:
Θ : E∞,χ → Λχ ⊕ ⊕
i∈I
(
Λχ/u
ni
χ
)
. (6.1)
Proof. From [5, Theorem 25] and Remark 3.1, we know that E∞ is finitely generated
over Zp[[T ]]. We denote by Λ(ψ) the principal ring eψ
(
Qp ⊗Zp Λ
)
. From the tautological
exact sequence 0→ E∞ → U∞ → U∞/E∞ → 0 we deduce the following exact sequence of
Λ(ψ)-modules
0→ eψ
(
Qp ⊗Zp E∞
)→ eψ (Qp ⊗Zp U∞)→ eψ (Qp ⊗Zp U∞/E∞)→ 0. (6.2)
But we know that eψ
(
Qp ⊗Zp U∞
)
is free of rank 1 over Λ(ψ), thanks to Proposition 2.1.
Moreover, eψ
(
Qp ⊗Zp U∞/E∞
)
is Λ(ψ)-torsion by Proposition 3.1. As Λ(ψ) is a principal
ring, we see from (6.2) that eψ
(
Qp ⊗Zp E∞
)
is free of rank 1 over Λ(ψ). The isomorphisms
eψ
(
Qp ⊗Zp E∞
) ≃ Qp ⊗Zp E∞,χ and Λ(ψ) ≃ Qp ⊗Zp Λχ
imply that the Λχ-torsion of E∞,χ is annihilated by some power of p, and the Λχ-rank of
E∞,χ is 1. 
Lemma 6.2 There is (c0, n0) ∈ N2 such that for all n ∈ N, pc0(γn0 − 1) annihilates
CoknE∞ and KernE∞.
Proof. The proof is similar to [10, Corollary 3.9]. 
For every n ∈ N, the projection E∞ → En induces a natural map πn,χ : (E∞,χ)Γn → En,χ.
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Lemma 6.3 For all n ∈ N, p2c0(γn0 − 1)2 annihilates Cok (πn,χ) and Ker (πn,χ).
Proof. Let n ∈ N and let T := Tor1Zp[G] (CoknE∞,Zp(χ)). We denote by E˜n the image of
E∞ in En, and we write π˜n,χ : (E∞,χ)Γn → E˜n,χ. From the following commutative exact
diagram,
T

(KernE∞)χ

// (E∞,χ)Γn
πn,χ

// E˜n,χ

// 0
0 // En,χ En,χ

// 0
(CoknE∞)χ

0 ,
we deduce an exact sequence
(KernE∞)χ // Ker (πn,χ) // T˜ // 0, (6.3)
where T˜ is the image of T in E˜n,χ. By Lemma 6.2, we know that pc0(γn0 − 1) annihilates
T and (KernE∞)χ. Therefore (6.3) implies the desired result for Ker (πn,χ). On the other
hand, since Cok (πn,χ) ≃ (CoknE∞)χ the lemma is entirely proved. 
Let pr : Λχ ⊕ ⊕
i∈I
(
Λχ/u
ni
χ
)→ Λχ be the canonical projection, and for every n let
Θn : (E∞,χ)Γn // Zp(χ) [Γ/Γn]
be the map obtained from pr ◦ Θ by taking the quotients. By Remark 3.1, E∞/C∞ is a
submodule of U∞/C∞, hence is finitely generated and torsion over Zp[[T ]] by Proposition
3.1. We denote by hχ a generator of char (E∞/C∞)χ. The following lemma is the analogue
of [1, Lemma 3.5].
Lemma 6.4 Let n ∈ N. Then there is a map
ϑn,χ : En,χ → Zp(χ) [Γ/Γn] , x 7→ (γn0 − 1)2 p2c0Θn (x) ,
where x ∈ E∞,χ is such that (γn0 − 1)2 p2c0x = πn,χ (x). Then there are (ν, c1, c2) ∈ N3
and h′χ ∈ Λχ such that
(i) h′χ|hχ in Λχ.
(ii) For all n ∈ N, h′χ is prime to 1− γn in Λχ.
(iii) For all n ∈ N, (γν − 1)c1 pc2h′χZp(χ) [Γ/Γn] ⊆ ϑn,χ (Im (Cn,χ)), where Im (Cn,χ) is
the image of Cn,χ in En,χ.
Proof. One may use Lemma 6.3 to verify that ϑn,χ is well-defined. We leave the details to
the reader. The module hχ · (E∞/C∞)χ is finite, and so is hχ · (Θ (E∞,χ) /Θ (Im (C∞,χ))).
11
Since Cok (pr ◦Θ) is also finite, we can choose m ∈ N such that pmhχ ∈ pr◦Θ (Im (C∞,χ)).
Let z ∈ Im (C∞,χ) be such that pmhχ = pr ◦Θ(z). Then in Zp(χ) [Γ/Γn] we have
pm+4c0 (γn0 − 1)4 hχ = p4c0 (γn0 − 1)4Θn(z) = ϑn,χ (πn,χ(z)) . (6.4)
Let Q be the set of prime ideals q of Λχ of height 1, and for any q ∈ Q, let Pq be a
generator of q. Since Λχ is factorial, there is a unit u ∈ Λ×χ and a family (nq)q∈Q ∈ NQ
with finite support such that hχ = u
∏
q∈Q
P nqq . We set h
′
χ :=
∏
q∈Q′
P nqq , where Q′ is the set
of all q ∈ Q such that q is prime to 1− γn, for all n ∈ N. Since 1− γn divides 1− γn+1 for
all n ∈ N, we can choose ν ∈ N and c1 ∈ N such that (γn0 − 1)4 hχ divides (γν − 1)c1 h′χ.
Also, we set c2 := m+ 4c0. Then the lemma follows from (6.4). 
7 Proof of Theorem 1.1.
This section is devoted to the proof of Theorem 1.1. We choose c0 and n0 as in Lemma
6.2, c1 ≥ 2, c2 and ν as in Lemma 6.4, and c3 as in Lemma 5.1. Let us define
d := 3vp¯(f) + r+ 4 and ∆i := p(i−2)(c3+2d)+d+c2 [K0 : k]i−1 (i ≥ 2),
where f is a nonzero ideal of Ok such that K∞ ⊆
∞∪
n=0
k (fpn). Let n ∈ N. Since h′χ is prime
to 1− γn, the factor group
Zp[Gn]χ/∆s+1h
′
χZp[Gn]χ ≃ Λχ/
(
(1− γn)Λχ +∆s+1h′χΛχ
)
is finite. Let m be a power of p such that
#Ak#An,χ#
(
Zp[Gn]χ/∆s+1h
′
χZp[Gn]χ
) ≤ m. (7.1)
Let us also introduce the following notation. If λ is a maximal ideal of OKn such that
ℓ := λ ∩ Ok ∈ LKn, then we denote by ωλ and ω¯λ the maps
ωλ : K
×
n
// Zp [Gn] , such that ωλ(x)λ = (x)ℓ,
and
ω¯λ : K
×
n /
(
K×n
)
m
// (Z/mZ) [Gn] , such that ω¯λ (〈x〉m)λ = [x]ℓ.
We know by Lemma 5.1 that for every j ∈ {1, ..., s}, there is a class cj ∈ An such that
τn (cj,χ) = (0, ..., 0, p
c3, 0, ..., 0) ,
where pc3 is at the j-th place. We recall that cj,χ is the image of cj in An,χ. We also choose
arbitrarily one more class cs+1 ∈ An. By the above Lemma 6.4 (iii), there is ξ ∈ Cn such
that
ϑn,χ(ξ
′) = (γν − 1)c1 pc2h′χ in (Z/mZ[Gn])χ , (7.2)
where ξ′ is the image of ξ in Im (Cn,χ). Let us now fix an ideal m of Ok and ε ∈ UKn(m)
such that κε(1) = ξ. This is possible thanks to Lemma 4.1. The main step is to define
recursively maximal ideals λ1, ..., λs+1 of OKn and ideals a1, ..., as+1 of Ok such that
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(a) ℓi := λi ∩Ok belongs to LKn for all i = 1, ..., s+ 1.
(b) clp (λi) = c
pd
i for all i = 1, ..., s+ 1.
(c) ai := ℓ1 · · · ℓi.
(d) ω¯λ1 (κε(ℓ1))χ = u1p
c2+d[K0 : k] (γν − 1)c1 h′χ in (Z/mZ[Gn])χ, for some u1 ∈ (Z/mZ)×.
(e) For every i ∈ {2, ..., s+ 1} there is ui ∈ (Z/mZ)× such that
Pi−1ω¯λi (κε(ai)) = uip
c3+2d[K0 : k] (γν − 1)c
i−1
1 ω¯λi−1 (κε(ai−1)) .
Since we will use Theorem 4.1 for F := Kn, we assume from now until the end of this
paper that
the prime ideals p1, ..., pr are unramified in K∞/k.
Let us consider the map ̟ ◦ ϑn,χ ◦ η : O×Kn → Zp [Gn], where η : O×Kn → En,χ is the
natural map and ̟ : Zp(χ) [Γ/Γn]→ Zp [Gn] is defined by ̟ (χ(g)υ) := [K0 : k] eψgυ for
all g ∈ G and υ ∈ Γ/Γn. Further, by taking the quotients we obtain a map
Ψ1 : O×Kn/
(O×Kn)m // Z/mZ [Gn] .
Let W1 be the Zp [Gn]-span of 〈ξ〉m. We apply Theorem 4.1 to the data
m := pd, W := W1, Ψ := Ψ1, and c := c1,
We obtain a maximal ideal λ1 of OKn and u1 ∈ (Z/mZ)× such that clp(λ1) = cp
d
1 , such
that the ideal ℓ1 := λ1 ∩ Ok belongs to LKn, and such that for all w ∈ W1, we have
[w]ℓ1 = 0 and
ϕℓ1(w) = u1p
dΨ1 (w)λ1. (7.3)
We denote by ϑ¯n,χ : En,χ → Z/mZ[Gn]χ the morphism obtained from ϑn,χ by taking the
quotients. Then from (4.1), we have
[κε(ℓ1)]ℓ1 = ϕℓ1(ξ) = u1p
dΨ1 (〈ξ〉m)λ1 = u1pd̟ ◦ ϑ¯n,χ (ξ′)λ1 (7.4)
in IKn,ℓ1/mIKn,ℓ1. From (7.4) and (7.2), we deduce that in (Z/mZ[Gn])χ we have
ω¯λ1 (κε(ℓ1)) = u1p
d[K0 : k]ϑ¯n,χ (ξ
′)
= u1p
c2+d[K0 : k] (γν − 1)c1 h′χ. (7.5)
Let i ∈ {2, ..., s+1}, and assume that λ1, ..., λi−1 has been constructed. From (d) and (e)
we deduce (
i−2∏
j=1
Pj
)
ω¯λi−1 (κε(ai−1)) =
(
i−1∏
j=1
uj
)
∆i (γν − 1)c1+
∑i−2
j=1 c
j
1 h′χ (7.6)
in (Z/mZ [Gn])χ, with the convention that an empty product is 1 and an empty sum is 0.
Lemma 7.1 Let Li be the Zp[Gn]-submodule of An generated by clp(λ1), ..., clp(λi−2),
and let Wi be the Zp[Gn]-span of the image of κε(ai−1) in K×n /
(
K×n
)
m
. We set ηi :=
(γν − 1)c
i−1
1 , Zi := p
d+c3, and we choose gi ∈ Zp[Gn] such that the image of gi and the
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image of Pi−1 in Zp[Gn]χ are the same. Then
(i) vq (κε(ai−1)) ∈ mZ for all maximal ideal q of OKn which is prime to ai−1.
(ii) Zi.AnnZp[Gn]χ
(
[clp(λi−1)]Li,χ
)
⊆ giZp [Gn]χ, where [clp(λi−1)]Li,χ is the image of clp(λi−1)
in (An/Li)χ.
(iii) Zp [Gn]χ /giZp [Gn]χ is finite.
(iv) #
(
ηi
((IKn,ℓi−1/mIKn,ℓi−1) /W ′i)χ)#(An,χ) ≤ m, where W ′i is the image of Wi in
IKn,ℓi−1/mIKn,ℓi−1 through w 7→ [w]ℓi−1.
Proof. (i) is a direct consequence of (4.1). We have (A∞,χ)Γn ≃ (A∞)Γn,χ, and (A∞)Γn,χ
is finite by Proposition 5.1. Hence gi is prime to 1− γn, whence (iii).
Let α ∈ AnnZp[Gn]χ
(
[clp(λi−1)]Li,χ
)
. We can define from τn a morphism of Zp[Gn]χ-
modules
τ ′n : (An/Li)χ → Zp[Gn]χ/giZp [Gn]χ ,
such that the diagram below commutes
An,χ
τn
//


s⊕
j=1
Λχ/(Pj, 1− γn)
φ


(An/Li)χ
τ ′n
// Zp[Gn]χ/giZp[Gn]χ ,
where φ is the canonical projection
s⊕
j=1
Λχ/(Pj, 1− γn) −→ Λχ/ (Pi−1, 1− γn) ≃ Zp[Gn]χ/giZp[Gn]χ.
Then τ ′n (ci−1,χ)
pdα = 0, i.e pd+c3α ∈ giZp [Gn]χ, so (ii) is verified. From (7.6), and since
c1 +
i−2∑
j=1
cj1 ≤ ci−11 (because 2 ≤ c1), we see that ηi
((IKn,ℓi−1/mIKn,ℓi−1) /W ′i)χ is cyclic
over Z/mZ[Gn]χ, annihilated by ∆ih′χ. The condition (7.1) then implies (iv). 
Let us apply Lemma 4.1 to the material furnished in Lemma 7.1. There is a morphism
of Zp[Gn]-modules Ψ′i : Wi,χ → Z/mZ[Gn]χ such that
giΨ
′
i
(
〈κε (ai−1)〉m,χ
)
λi−1,χ = Ziηi [κε (ai−1)]ℓi−1,χ . (7.7)
We define Ψi by composing ̟ ◦ Ψ′i with Wi → Wi,χ. From Lemma 7.1, (i), we can
apply Theorem 4.1 to the data
F := Kn, m := p
d, c := ci, W := Wi, and Ψ := Ψi.
There are a maximal ideal λi of OKn and ui ∈ (Z/mZ)× such that clp(λi) = cp
d
i (condition
(b)), such that ℓi := λi∩Ok belongs to LKn (condition (a)), and such that for all w ∈ Wi,
[w]ℓi = 0 and ϕℓi(w) = uip
dΨi (w)λi. By (4.1) we have
[κε (ai)]ℓi,χ = ϕℓi (κε (ai−1))χ = uip
dΨi (〈κε (ai−1)〉m) λi,χ (7.8)
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in (IKn,ℓi/mIKn,ℓi)χ. Then in Z/mZ[Gn]χ, by (7.8) and (7.7) we have
Pi−1ω¯λi (κε (ai)) = ui[K0 : k]p
dgiΨ
′
i
(
〈κε (ai−1)〉m,χ
)
= ui[K0 : k]p
dZiηiω¯λi−1 (κε (ai−1)) ,
which demonstrates (e). So we can construct recursively the primes λ1, ..., λs+1, and from
(d) and (e) we deduce(
s∏
j=1
Pj
)
ω¯λs+1 (κε(as+1)) =
(
s+1∏
j=1
uj
)
∆s+2 (γν − 1)c1+
∑s
j=1 c
j
1 h′χ (7.9)
in Z/mZ[Gn]χ.
By letting n and m vary, this implies that
s∏
j=1
Pj divides ∆s+2 (γν − 1)c1+
∑s
j=1 c
j
1 h′χ in
Λχ. By Proposition 5.1 and since (A∞,χ)Γν ≃ (A∞,Γν)χ, char (A∞,χ) is prime to (γν − 1).
Then we deduce
char (A∞,χ) |∆s+2char (E∞/C∞)χ , (7.10)
which proves the assertion (ii) of Theorem 1.1. Now assume p /∈ {2, 3}. Recall that class
field theory gives an exact sequence
0 // E∞/C∞ // U∞/C∞ // B∞ // A∞ // 0, (7.11)
where B∞ is the Galois group of Ω∞/K∞, whith Ω∞ the maximal abelian pro-p-extension
of K∞ which is unramified outside of the primes above p. Moreover by a result of Gillard
([3, 3.4. Théorème]), the µ-invariant of B∞ over Zp[[T ]] vanishes,
µ (B∞) = 0. (7.12)
Let us denote by Af,∞, Ef,∞, Cf,∞, ..., the various objects attached to Kf,∞ :=
∞∪
n=0
k (fpn).
By [2, 2.1 Theorem, p. 109], the divisibility (7.10) and (7.12) applied to Kf,∞ implies that
char
(
(Af,∞)ξ
)
= char (Ef,∞/Cf,∞)ξ and µξ (Uf,∞/Cf,∞)ξ = 0, (7.13)
for all irreducible Cp-character ξ of the torsion subgroup Gf of Gal (Kf,∞/k), and where
µξ is the µ-invariant over Zp(ξ). Since (U∞/C∞)χ is a quotient of (Uf,∞/Cf,∞)χ˜, where χ˜
is the character of Gf defined by χ, we deduce from (7.13) that µχ (U∞/C∞)χ = 0. By
(7.12), the exact sequence (7.11) gives
µχ (E∞/C∞)χ = µχ (U∞/C∞)χ = 0 = µχ (A∞,χ) . (7.14)
By decomposing H := Gal (Kf,∞/K∞) into a direct product of cyclic subgroups, we are
reduced to the case where H itself is cyclic. Then classical arguments (see [15, section 5])
show that (Af,∞)H is pseudo-isomorphic to A∞, and we deduce
λ
(
(Af,∞)H
)
= λ (A∞) . (7.15)
The cokernel of the norm map (Ef,∞/Cf,∞)H → E∞/C∞ is annihilated by #(H), hence
λ (E∞/C∞) ≤ λ (Ef,∞/Cf,∞)H . Together with (7.13) and (7.15), it implies that
λ (E∞/C∞) ≤ λ (Ef,∞/Cf,∞)H = λ
(
(Af,∞)H
)
= λ (A∞) . (7.16)
Finally the assertion (i) of Theorem 1.1 follows from (7.16), (7.14) and (7.10).
We draw the attention of the reader to our papers [18] and [17], where we prove that
a raw version of Theorem 1.1 (i) holds also for p ∈ {2, 3}.
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